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Abstract. According to the method of series rearrangement, we estab-
lish two families of summation formulae for q-Watson type 4φ3-series.
1. Introduction
For two complex numbers x and q, define the q-shifted factorial by
(x; q)0 = 1 and (x; q)n =
n−1∏
i=0
(1− xqi) when n ∈ N.
Its fraction form reads as[
a, b, · · · , c
α, β, · · · , γ
∣∣∣ q]
n
=
(a; q)n(b; q)n · · · (c; q)n
(α; q)n(β; q)n · · · (γ; q)n .
Following Gasper and Rahman [4], the basic hypergeometric series can be defined by
1+rφs
[
a0, a1, · · · , ar
b1, · · · , bs
∣∣∣ q; z] = ∞∑
k=0
[
a0, a1, · · · , ar
q, b1, · · · , br
∣∣∣ q]
k
zk
where {ai}i≥0 and {bj}j≥1 are complex parameters such that no zero factors appear in
the denominators of the summand on the right hand side. Then the q-Watson formula
due to Andrews [1] and the q-Watson formula due to Jain [5, Eq. 3.17] can be stated,
respectively, as follows:
4φ3
[
q−n, q1+na,
√
c,−√c
q
√
a,−q√a, c
∣∣∣ q; q] =


cs
[
q, q2a/c
q2a, qc
∣∣∣ q2
]
s
, n = 2s;
0, n = 1 + 2s,
(1)
4φ3
[
a, c, q−n,−q−n√
qac,−√qac, q−2n
∣∣∣ q; q] = [qa, qc
q, qac
∣∣∣ q2]
n
. (2)
Inspired by the method due to Chu [3], we shall establish the following two families of
summation formulae for q-Watson type 4φ3-series:
4φ3
[
q−n, q1+na,
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q; q] and 4φ3
[
q−n, q1+na, qε
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q; q] ,
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4φ3
[
a, c, q−n,−q−n√
qac,−√qac, qε−2n
∣∣∣ q; q] and 4φ3
[
a, c, qε−n,−q−n√
qac,−√qac, qε−2n
∣∣∣ q; q]
where the disturbing parameter ε is a nonnegative integer throughout the paper. Eight
concrete summation formulae corresponding 1 ≤ ε ≤ 2 will be exhibited.
2. Summation formulae for q-Andrews-Watson type 4φ3-series
2.1. Letting a → c/q, b → q−k and c → ∞ for the terminating 6φ5-series identity (cf.
Gasper and Rahman [4, p. 42]):
6φ5
[
a, q
√
a, −q√a, b, c, q−ε√
a, −√a, qa/b, qa/c, q1+εa
∣∣∣ q; q1+εa
bc
]
=
[
qa, qa/bc
qa/b, qa/c
∣∣∣ q]
ε
, (3)
we obtain the following equation:
ε∑
i=0
[
k
i
]
q(i+ε−1)ici
[
cqk+i
cqi
∣∣∣ q]
ε−i
1− cq2i−1
1− cqi−1
[
q−ε
qεc
∣∣∣ q]
i
= 1.
Then we can proceed as follows:
4φ3
[
q−n, q1+na,
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q; q] = n∑
k=0
(−1)k
[
n
k
]
q(
k+1
2 )−nk
[
q1+na,
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q]
k
=
n∑
k=0
(−1)k
[
n
k
]
q(
k+1
2 )−nk
[
q1+na,
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q]
k
×
ε∑
i=0
[
k
i
]
q(i+ε−1)ici
[
cqk+i
cqi
∣∣∣ q]
ε−i
1− cq2i−1
1− cqi−1
[
q−ε
qεc
∣∣∣ q]
i
.
Interchanging the summation order, we can manipulate the last double sum as
4φ3
[
q−n, q1+na,
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q; q] = ε∑
i=0
[
n
i
]
q(i+ε−1)ici
1− cq2i−1
1− cqi−1
[
q−ε
qεc
∣∣∣ q]
i
×
n∑
k=i
(−1)k
[
n− i
k − i
]
q(
k+1
2 )−nk
[
q1+na,
√
c,−√c
q
√
a,−q√a, qic
∣∣∣ q]
k
.
Shifting the summation index k → i+ j for the sum on the last line, we get the relation:
4φ3
[
q−n, q1+na,
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q; q] = ε∑
i=0
q(i+ε)ici
[
q−ε, q−n, q1+na,
√
c,−√c
q, q
√
a,−q√a, qεc, qi−1c
∣∣∣ q]
i
× 4φ3
[
qi−n, q1+n+ia, qi
√
c,−qi√c
q1+i
√
a,−q1+i√a, q2ic
∣∣∣ q; q] . (4)
Evaluating the 4φ3-series on the last line by (1), we establish the following summation
theorem.
Theorem 1. For two complex numbers {a, c} and a nonnegative integer ε, there holds
the summation formula for q-Andrews-Watson type 4φ3-series:
4φ3
[
q−n, q1+na,
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q; q] = ε∑
i=0
q(ε+n)ic
n+i
2
[
q−ε, q−n, q1+na,
√
c,−√c
q, q
√
a,−q√a, qεc, qi−1c
∣∣∣ q]
i
×
[
q, q2a/c
q2+2ia, q1+2ic
∣∣∣ q2]
n−i
2
χ(n− i ≡2 0)
where n− i ≡2 0 stands for the congruence relation n− i = 0 (mod 2) and χ is the logical
function defined by χ(true) = 1 and χ(false) = 0 otherwise.
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Corollary 2 (ε = 1 in Theorem 1).
4φ3
[
q−n, q1+na,
√
c,−√c
q
√
a,−q√a, qc
∣∣∣ q; q]=


cs
[
q, q2a/c
q2a, qc
∣∣∣ q2
]
s
, n = 2s;
c1+s
[
q
qc
∣∣∣ q2
]
1+s
[
q2a/c
q2a
∣∣∣ q2
]
s
, n = 1 + 2s.
Corollary 3 (ε = 2 in Theorem 1).
4φ3
[
q−n, q1+na,
√
c,−√c
q
√
a,−q√a, q2c
∣∣∣ q; q]
=


{
1 + q
2c(1−c)(1−q2s)(1−q1+2sa)
(1−q2c)(1−q1+2sc)(1−q2sa/c)
}
cs
[
q, q2a/c
q2a, qc
∣∣∣ q2
]
s
, n = 2s;
1−q2
1−q2c
c1+s
[
q3, q2a/c
q2a, q3c
∣∣∣ q2
]
s
, n = 1 + 2s.
2.2. Letting a→ c/q, b→ q−k and c→ √c for (3), we attain the following equation:
ε∑
i=0
(−1)iqε+(i2)c i−ε2 1− cq
2i−1
1− c qi+ε−1
[
q−ε
q
∣∣∣ q]
i
[
q1−ε/
√
c
q2−ε−i/c
∣∣∣ q]
ε
× < q
k; q >i < cq
k+ε−1; q >ε−i
(qk
√
c; q)ε
= 1
where we have used the symbol:
< x; q >0= 1 and < x; q >n=
n−1∏
i=0
(1− xq−i) when n ∈ N.
Then we can proceed as follows:
4φ3
[
q−n, q1+na, qε
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q; q] = n∑
k=0
[
q−n, q1+na, qε
√
c,−√c
q, q
√
a,−q√a, qεc
∣∣∣ q; q]
k
qk
=
n∑
k=0
[
q−n, q1+na, qε
√
c,−√c
q, q
√
a,−q√a, qεc
∣∣∣ q; q]
k
qk
ε∑
i=0
(−1)iqε+(i2)c i−ε2 1− cq
2i−1
1− cqi+ε−1
×
[
q−ε
q
∣∣∣ q]
i
[
q1−ε/
√
c
q2−ε−i/c
∣∣∣ q]
ε
< qk; q >i < cq
k+ε−1; q >ε−i
(qk
√
c; q)ε
.
Interchanging the summation order, we can reformulate the last double sum as
4φ3
[
q−n, q1+na, qε
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q; q] = ε∑
i=0
(−1)iqε+(i2)c i−ε2 1− cq
2i−1
1− cqi+ε−1
×
[
q−ε
q
∣∣∣ q]
i
[
q1−ε/
√
c
q2−ε−i/c
∣∣∣ q]
ε
×
n∑
k=i
[
q−n, q1+na, qε
√
c,−√c
q, q
√
a,−q√a, qεc
∣∣∣ q; q]
k
qk
< qk; q >i < cq
k+ε−1; q >ε−i
(qk
√
c; q)ε
.
Shifting the summation index k → i + j for the sum on the last line, we achieve the
relation:
4φ3
[
q−n, q1+na, qε
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q; q]
=
ε∑
i=0
(−1)iqεi+(i+12 )c i2
[
q−ε, q−n, q1+na,
√
c,−√c
q, q
√
a,−q√a, qεc, qi−1c
∣∣∣ q]
i
× 4φ3
[
qi−n, q1+n+ia, qi
√
c,−qi√c
q1+i
√
a,−q1+i√a, q2ic
∣∣∣ q; q] . (5)
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Evaluating the 4φ3-series on the last line by (1), we found the following summation theo-
rem.
Theorem 4. For two complex numbers {a, c} and a nonnegative integer ε, there holds
the summation formula for q-Andrews-Watson type 4φ3-series:
4φ3
[
q−n, q1+na, qε
√
c,−√c
q
√
a,−q√a, qεc
∣∣∣ q; q]
=
ε∑
i=0
(−1)iq(ε+n)i−(i2)cn2
[
q−ε, q−n, q1+na,
√
c,−√c
q, q
√
a,−q√a, qεc, qi−1c
∣∣∣ q]
i
×
[
q, q2a/c
q2+2ia, q1+2ic
∣∣∣ q2]
n−i
2
χ(n− i ≡2 0).
Corollary 5 (ε = 1 in Theorem 4).
4φ3
[
q−n, q1+na, q
√
c,−√c
q
√
a,−q√a, qc
∣∣∣ q; q]=


cs
[
q, q2a/c
q2a, qc
∣∣∣ q2
]
s
, n = 2s;
−c 12+s
[
q
qc
∣∣∣ q2
]
1+s
[
q2a/c
q2a
∣∣∣ q2
]
s
, n = 1 + 2s.
Corollary 6 (ε = 2 in Theorem 4).
4φ3
[
q−n, q1+na, q2
√
c,−√c
q
√
a,−q√a, q2c
∣∣∣ q; q]
=


{
1 + q(1−c)(1−q
2s)(1−q1+2sa)
(1−q2c)(1−q1+2sc)(1−q2sa/c)
}
cs
[
q, q2a/c
q2a, qc
∣∣∣ q2
]
s
, n = 2s;
q2−1
1−q2c
c
1
2
+s
[
q3, q2a/c
q2a, q3c
∣∣∣ q2
]
s
, n = 1 + 2s.
3. Summation formulae for q-Jain-Watson type 4φ3-series
3.1. Performing the replacement a→ aq−1−n for (4), we have
4φ3
[
q−n, a,
√
c,−√c√
q1−na,−
√
q1−na, qεc
∣∣∣q; q] = ε∑
i=0
q(i+ε)ici
[
q−ε, q−n, a,
√
c,−√c
q,
√
q1−na,−
√
q1−na, qεc, qi−1c
∣∣∣ q]
i
× 4φ3
[
qi−n, qia, qi
√
c,−qi√c
qi
√
q1−na,−qi
√
q1−na, q2ic
∣∣∣ q; q] .
Employing the substitutions c → q−2n and q−n → c for the last equation, we obtain the
following relation:
4φ3
[
a, c, q−n,−q−n√
qac,−√qac, qε−2n
∣∣∣ q; q] = ε∑
i=0
q(i+ε−2n)i
[
q−ε, q−n,−q−n, a, c
q,
√
qac,−√qac, qε−2n, qi−1−2n
∣∣∣ q]
i
× 4φ3
[
qia, qic, qi−n,−qi−n
qi
√
qac,−qi√qac, q2i−2n
∣∣∣ q; q] .
Evaluating the 4φ3-series on the last line by (2), we establish the following summation
theorem.
Theorem 7. For two complex numbers {a, c} and a nonnegative integer ε with 0 ≤ ε ≤ n,
there holds the summation formula for q-Jain-Watson type 4φ3-series:
4φ3
[
a, c, q−n,−q−n√
qac,−√qac, qε−2n
∣∣∣ q; q] = ε∑
i=0
q(i+ε−2n)i
[
q−ε, q−n,−q−n, a, c
q,
√
qac,−√qac, qε−2n, qi−1−2n
∣∣∣ q]
i
×
[
q1+ia, q1+ic
q, q1+2iac
∣∣∣ q2]
n−i
.
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Corollary 8 (ε = 1 in Theorem 7: n ≥ 1).
4φ3
[
a, c, q−n,−q−n√
qac,−√qac, q1−2n
∣∣∣ q; q] = [qa, qc
q, qac
∣∣∣ q2]
n
+
[
a, c
q, qac
∣∣∣ q2]
n
.
Corollary 9 (ε = 2 in Theorem 7: n ≥ 2).
4φ3
[
a, c, q−n,−q−n√
qac,−√qac, q2−2n
∣∣∣ q; q] = (1 + q)(1− q1−2n)
1− q2−2n
[
a, c
q, qac
∣∣∣ q2]
n
+
{
1+ q(1−a)(1−c)(1−q
−2n)
(1−q2−2n)(1−aq2n−1)(1−cq2n−1)
}[qa, qc
q, qac
∣∣∣ q2]
n
.
3.2. Performing the replacement a→ aq−1−n for (5), we have
4φ3
[
q−n, a, qε
√
c,−√c√
q1−na,−
√
q1−na, qεc
∣∣∣q; q]
=
ε∑
i=0
(−1)iqεi+(i+12 )c i2
[
q−ε, q−n, a,
√
c,−√c
q,
√
q1−na,−
√
q1−na, qεc, qi−1c
∣∣∣ q]
i
× 4φ3
[
qi−n, qia, qi
√
c,−qi√c
qi
√
q1−na,−qi
√
q1−na, q2ic
∣∣∣ q; q] .
Employing the substitutions c → q−2n and q−n → c for the last equation, we get the
following relation:
4φ3
[
a, c, qε−n,−q−n√
qac,−√qac, qε−2n
∣∣∣ q; q]
=
ε∑
i=0
(−1)iq(ε−n)i+(i+12 )
[
q−ε, q−n,−q−n, a, c
q,
√
qac,−√qac, qε−2n, qi−1−2n
∣∣∣ q]
i
× 4φ3
[
qia, qic, qi−n,−qi−n
qi
√
qac,−qi√qac, q2i−2n
∣∣∣ q; q] .
Evaluating the 4φ3-series on the last line by (2), we found the following summation theo-
rem.
Theorem 10. For two complex numbers {a, c} and a nonnegative integer ε with 0 ≤ ε ≤ n,
there holds the summation formula for q-Jain-Watson type 4φ3-series:
4φ3
[
a, c, qε−n,−q−n√
qac,−√qac, qε−2n
∣∣∣ q; q]
=
ε∑
i=0
(−1)iq(ε−n)i+(i+12 )
[
q−ε, q−n,−q−n, a, c
q,
√
qac,−√qac, qε−2n, qi−1−2n
∣∣∣ q]
i
×
[
q1+ia, q1+ic
q, q1+2iac
∣∣∣ q2]
n−i
.
Corollary 11 (ε = 1 in Theorem 10: n ≥ 1).
4φ3
[
a, c, q1−n,−q−n√
qac,−√qac, q1−2n
∣∣∣ q; q] = [qa, qc
q, qac
∣∣∣ q2]
n
− qn
[
a, c
q, qac
∣∣∣ q2]
n
.
Corollary 12 (ε = 2 in Theorem 10: n ≥ 2).
4φ3
[
a, c, q−n,−q−n√
qac,−√qac, q2−2n
∣∣∣ q; q] = (1 + q)(1− q2n−1)
qn−1 − q1−n
[
a, c
q, qac
∣∣∣ q2]
n
+
{
1− (1−a)(1−c)(1−q2n)
(1−q2−2n)(1−aq2n−1)(1−cq2n−1)
}[qa, qc
q, qac
∣∣∣ q2]
n
.
With the change of ε, more concrete formulae could be derived from Theorems 1, 4, 7 and
10. Considering that the resulting identities will become complicated, we shall not display
them one by one. Altough Chu [3] gave more formulae for hypergeometric series, we end
our paper in the present form because of the restriction of basic hypergeometric series.
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